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The flow of a viscous incompressible fluid past a depression in the surface of a
body at high Reynolds numbers was investigated in /1/ by the method of match-
ing asymptotic expansions. An unusual, from the point of view of general theory,
boundary value problem was formulated for boundary layer equations which in
its main approximation defined the motion of fluid in the proximity of the sepa-
ration zone boundary. Questions of uniqueness of the solution of this boundary
value problem are considered below in relation to two approximations of equa-
tions of the boundary layer.

Let us consider the flow of a viscous incompressible fluid past a depression in the sur-
face of a body, which induces a separation zone of finite dimensions (Fig. 1). We shall
consider this zone — the circulation flow region
— as developed (i. e. not infinitely splitting up
and nonvanishing for Re — 00). According to
/1/ the over-all flow picture can be presented
as follows. The oncoming stream (region J of
translational motion) is separated from the re-
gion of circulation motion by the streamline
ABC . The limit state of the flow of a viscous
incompressible fluid in that region for Re — >
2 (if it exists) according to the Prandti- Batchelor
theorem /2/ is the flow of an inviscid fluid with
constant vorticity @ (the viscosity coefficient
is assumed constant). At reasonably high He
numbers at the boundary of constant vorticity region 3 there exist the following bound-
ary layers: the mixing layer (region &) and the boundary layer next to the wall (region
4). It was also assumed in /1/ that solutions of equations for inviscid flows can be used
as the principal approximation for defining the flow which conforms to the complete
Navier-Stokes equations /3/. These solutions are intended for matching boundary layers
2 and 4.

We introduce in regions 2 and 4 (Fig. 1) boundary layer coordinates s and ¥V =
n / & (s is the length of arc of the contour ABCDA, measured from point A, 7 is
the length of the instantaneous normal to ABCDA external in relation to region 3,
and ¢ = Re™1). In these coordinates the boundary layer contained between the contour
ABCDA and the boundary of region 3 becomes a half-band 6, = {U < s < $4,

N < 0} (Fig. 2) which, owing to the flow cyclicity in the depression, can be periodic-
ally continued with respect to s over the whole negative half-plane, the part of the

Fig. 1
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mixing layer lying above the dividing streamline ABC (Fig. 1) is transformed into the
half-band 0, = {0 < s < s¢, N > 0}, and the depression wall into the half-band
03 = {s¢c < s <Tsa, N > 0} (shaded in Fig, 2), Obviously o, |J 05 can be period-
ically continued with respect to s over the
Ny whole positive half-plane. (The plane with

7, é// omitted half-bands (see Fig. 2) is called the
%

o -region. )
7

The flow cyclicity manifests itself by the
7/ periodicity of boundary conditions. Along
straight lines of the form s = ksa (b = 0,
8 y1/ s =41, . ..) velocity distributions with res-
4 g I A 24 pect 1o Vare the same, and for NV 2> 0 are
determined by the profile of the oncoming
boundary layer at point A. That profile
Fig. 2 may be assumed to be known. At segments
of axis s lksa + s¢ << s << (b + 1)sal
the flow velocity vanishes (the condition of sticking).

Solution of this boundary value problem for the o-~region by the method of asympto-
tic expansion in accordance with /1/ must continuously merge with the solutions of
problems of inviscid flow in regions / and 3 when N — 4 o0 and N — — o0
respectively.

The formulated boundary value problem (first considered in /1/) is not typical of the
theory of the boundary layer owing to the shape of the region for which a solution is
sought, and by the character of the boundary conditions, which makes it necessary to in-
vestigate the conditions of uniqueness of its solvability. Elucidation of the latter condi~
tion is needed in this case for the correct mathematical formulation of the boundary va-
lue problem. It will be shown below that generally the boundary condition for V— - oo
is overdetermining, and the solution (if it exists) of the problem in two approximations
of the boundary layer theory makes it possible to determine all unknown parameters,
viz. total pressure pg3 and vorticity wgin region J, which is the asymptotics of solu-
tion for N — —o0.

That the considered boundary value problem (on condition of boundedness of its solu-
tion) does not actually necessitate the setting of a boundary condition for NV — —oo0,
can be shown by the following example. Let us take advantage of the fact that the pass-
ing to variables s and Y (Y is the stream function) leaves the g-region shape and the
form of boundary conditions unchanged, while the boundary layer equations assume the
form of equations of heat conduction (the Mises form /4/). Because of this we shall con-
sider a boundary value problem, similar to the described above, for the equation of heat
conduction.

It was found that in that case there exists a unique function w (s, ¢) & C.1 (o)
bounded in ¢ and satisfying in it the following equation and boundary conditions
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w(ksa, w):{;({g_;_nm ) $<O’ w(s, 0) =0, ksa -+ sc<s<(k+1)sa
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where (o () is a known bounded function and & = 0, 41,

To prove this we reduce the problem (1), (2) to an integral equation. For P < 0 we
use the form of solution of the problem without initial conditions, i.e. the solution of
the equation of heat conduction that satisfies boundary conditions specified for all s ~>

—0 /5/ ) s 0
(s 9 =407\ v~ exp| — g Jur 0)de ®)

!'L(S), kSA<S<kSA~+—S,7
ZU(S, 0)_{ Oy kSA+SC<S<(k+'l)SA’ :O,iﬂ,i.‘g’_” 4)

where formula (4) represent the boundary condition with, so far, unknown function p (8).
We denote s4 =4 and s¢ = € ,and set s = 0 in (8). Using the periodicity of the
boundary condition (4), we write

o

w(0, %) = Gry~mp X ( p(O Feydr, Fe()=(kA—s)" x  ©)

k=10
\p2
exp |~ ~rr— |
Let us assume that p (s) is continuous along segment [0, C] and that max| p(s)|=

M. Since the series . ‘ K
ZIM(S)IFk(S)ngZ(kA..c) s (6)
k==1 =1

is uniformly convergent with respect to § (and also with respect to V), the change of

the sequence of summation and integration in (3) yields forall p << 0
c

@ () =w (0, p) = (do) s ¢ &u(r S| Fu(a)de @)
=]

The solution of problem (1), (2) in the band 0 < s < <L € can be presented in the
form of the Poisson's integral
'

w (s, P) = <4ns)-‘f=( \ o@exp|— L= JaE 4+ ®)

-Sw o (E) exp [— ﬂ){éﬁ] dg)

In virtue of the definition (7) of function @ {3) and of estimate (8), it is permissible
to alter in (8) the sequence of summation and integration with respect to £ as well as
that of integration with respect to § and 7. As the result, we obtain from (8) fory = 0

the integral equation
w(s, 0) = (5) = (4m)1 S pOEEDAITHIE) (g

K (5,0) = s~ S} § E(kA —0)~" exp[u -%-; (1 + Tai_‘—”er)]dg
fe=1 —00

]

q (s) == (4ns) " R o (E) exp (»- E’: )d&

¢
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The definition of the kernel X (s, §) clearly implies that

o (kA — B -
K (s,6) = (4syh X ‘Z—A’—F‘s_l_é'<Mle (10)
k=1

which shows that the integral operator in (9) is continuous with respect to s and, conse-
quently, solutions (9) are continuous along segment [0, C]. This confirms the previously
made assumption about the continuity of § (s). It follows from (10) that the norm of
K (s, ) is bounded in L, (o) and, consequently, (9) is a Fredholm equation of the se-
cond kind., According to the general theory the characteristic set of Fredholm operators
is not greater than denumerable /6/ and in virtue of (9) depends parametrically on A
and C. Hence the number A = 4; can be a characteristic not more than a denume-
rable number of times (depending on the values of A and C). This implies that solu-
tion (9) together with that of problem (1), (2) is unique for almost any finite A and C.
This means that the conditions for § — -+ oo, function o (V) ,and the condition of
solution periodicity uniquely define the solution in the negative half-plane, in particular
for p > — oo,

Let us consider the boundary value problem in layer 2 and 4 in the two approxima-
tions of the boundary layer theory.

We represent the tangential and normal velocity component, denoted by  and v ,
respectively, and pressure P in the form of the following asymptotic expansions in ¢ =

Re~e: u (s, n;e) = uy (s, N) + euy (s, N), v (s, n;e) = ev, (s, N) +
ety (s, N), p (s, n;58) = pg (s, N) + ep, (5, N)

The equations of motion can be represented to within terms of order £ in the follow-

ing form /7/:
Uglig, + Vol + Do, — Yoy + 8(“1“03 + Uty — %Nuouo, +
Uilloy —+ Doltyy + Holo — *N Py 4 1, — Uryy — %lgy) =0
Doy + &(p1yy — Mtp?) =0, Uy + Voy + &(th, + 1y + tNvoy + vy ) =0
where % (s) is the current curvature of the contour ABCDA (streamlines of an invis-
cid flow).

Note. The zero equalities in (11) represent equalities to the sum of terms of expan-
sion of the Navier-Stokes equations in powers of € of order ¢* and higher,

Taking this into consideration, we add to the last equation of system (11) the extraor-
dinary terms e?Nv;, and xe?v; and denote (1 -+ xeN)(v, + ev;) = V and u, +
eu; = U. This equation then assumes the form U, + Vy = 0. We introduce the
stream function Yy = U, and — {5 = V, and pass to the Mises variables & and V.
As the result, the first two equations in (11) are transformed into equations of second or-
der partial derivatives of the parabolic kind

(ue® [ 2)s + gus | == uo (te® / 2o A fo (8) + € [uottyyy, + b (uo,) 4y, + (12)
d (o, Ugy» Uogy,) Ur + £ (S: s Ugy) % + 1 (5)]
where o (s) and f, (s) are continuous functions determined by the flow parameters at
the boundaries of region 2 ({ — —+ 0). The boundary conditions
U@, 9) = U, ¥) = a @) + e (), $ >0
U,0)=0 C<s< 4 (14)

(1)

(13)
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are similar to (2).

The right-hand part of (13) defines the profile of the boundary layer velocities atpoint
A4 of the wall AA"; for P << + oo function a, () is bounded, while o, () in-
creases with increasing 1. Functions u, (s, ¥) and %, (s, ) have the same properties
when 1 — - oo, respectively.

When deriving the boundary condition for 4 < O it is necessary to consider the vari-
ation of the profile of velocities [/ in the e-vicinity of angle points A and  (regions
5 and 6 inFig. 1), These variations are defined by the differences

UC+e,9) —U(C—ep)=Ppc @)+ e1c W),
UA +e%) —U(A—e %) =pa@)+ eraly)

(i.e. the difference between the values of U/ at exit from and entry to each region).
According to /3/ Be (§) = Pa () = 0. Furthermore we consider in accordance with
/1, 8/ that the complete asymptotics of the Navier-Stokes equations at a corner point

is such that functions Y. () and T4 () are bounded and completely determined by
the local problem of flow in regions § and 6 (Fig. 1) and, consequently, it is possible
to set at the exit from these regions the problem of continuation of the boundary layer,
Hence, if U° (s, ) denotes the part of solution of the considered problem which is con~
tinuous in oy {J 0, the third boundary condition is defined by

U 9)=0UA,9)+1c@) +14a), p<<O (15)

Let us elucidate the conditions of uniqueness of the solution of problem (12)— (15) in
region o, {J 0,.
Theorem, A unique solution of problem

Lo, W) =a (s, PYwys + b (s, Pywg +c (s, Phw —ws = g (s, 9)  (16)

Ta(), V<0 w(s,0) =0, C<s<A

exists in region oy |J o0, ,if the following assumptions are satisfied:
1) coefficients @, b and ¢ are bounded in o; | 0, , are continuous, and satisfy
the Hlder conditions

la (s, ¥) —al WIS MY —o o, ¥ —aswI<
My|s — s

16 9) — b WIS MY — v felsy) —
eSS MY —we >0

2) a (s. ) satisfies the inequality a (s,P) > p > 0 for any(s, P)=0, [ 0;;

3) derivatives ay, duy and by exist in 0, {J 0,, are bounded, continuous, and
satisfy the H8lder condition with respect to §;

4) function ¢ (S, V) is continuous in @, | ] o, and for 0 < s < A4 satisfies the

estimare (g6 | < My |9 2>0 18)

5) functon % () is continuous for 0 < P < -~ oo and, also, satisfies estimate
(18); 7tc (pyand Ta () are bounded and continuous.
Proof. Conditions (1) and (2) of the theorem ensure the existence of a unique fun-
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damental solution Z (s, P; T, &) of the homogeneous equation (18) in the layer H =
0<s<C,— o0 <p< + 0} /8.

Let us prove that o oo

w(s, P >=—§ SZ(s,w 1,8 q(v,8)dE + S Zevinhx a9
DEE=V, (59 + Valsr D)

is the solution of Eq. (16) in layer H, which satisfies the initial condition

(), p >0
w(0,9) = D () = {qﬁ;:‘; 2o 20)

where @ () , a function yet to be determined, is continuous and satisfies (18).
On the basis of estimates

IZ(S, P, TsE)I<M3*" -1y’

2z (s, P; T, ;
___(S_C;ﬁ)z_'c@_ l < *M*:J? »—3/2’
l oZ (s

____;S:_l_@_ l < Mg* s, Mg, = M;3(s — 1) exp [— M}

§—7T

0Z (s, P; T,
| (sa:i T, £) |<M*3, 1 (21)

obtained in /8/ and of condition (4) of this theorem we have
+o00
b0 =] § 2978 g(r B dE| <My |Vi(s )| < Mys
which implies that V, (s, ) is continuous in H and satisfies the initial zero condi-
tion. Furthermore, the integrals

+o0 +o0
aJ ¢ 7 37 .
F T _S 7 1D & 55 :_SMWQ(T’E) 2%,
of +<° 7 Byt
s q(v )

—

in virtue of (21) are continuous with respect to s and 1, and are uniformly convergent.

From this, using the following property of function Z (s, ¢¥; 1, §) :

R
Jim 2B (r B =g (s )

we find that V, (s, ) satisfies the equation L o (V, (s, ¥)) = ¢ (s, }). The proof
that V, (s, ) satisties the equation L, , (V, (s, ¥)) = O and the initial condition
(20) is similar,

For ¢ = (' — ( from (19) we obtain

C +oe
wCd)=—dr \ Z@eyinharHaE+ 22)
0 00

40
( zCc. w0 po@dE

—0C
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Condition (3) of the theorem ensures the existence of operator L: JE

Lf,g,(v)s an{ag;,zi, vy 8(5(1 E) ») Le(mBo—

conjugate of Ly ,as well as the presentauou of any solution w (s, q,) of the homo-

geneous equation (16) in the half-band @ = {€ < s << 4, — << 0} in the
form /8/

w (s, p) = 5 (€, 8)G (5, %; C, g)d§+g (7, 0) X

8la{r,0)G (5, ¥;7,0)]
a5t dt
G,V T8=Z(@ 418 —v 4Tl

Function U (s, ; 1, &) is subordinated to conditions :
1°, v (s, Y; T, E) is determinate in @ and for T <C s satisfies the equation
Lt*, |4 (U) =03
2°. limvu (s, ¢p; 1, &) = 0;
st
v 01,8 =2(,0;7, 8
We seek function v (s, §; T, &) in the form of the potential of the double layer of
unknown density @ (s; 1, E) /R/

8 0
v 8 =1d0 § P(Z(s,%;0,0)00; 7,8 dg ©9)
L() (Z (8, '43’ T, g)) = 0 E(Z (Ta g) ?E(sr \b; Ty E)} _ b ("C, g)z (S, ‘p’ T, g) (243
Equation (24) implies the estimate /8/
| P2 (503w, B) | << M (s — v+ exp [ — LI ] (25)

where (M5, A and W, are positive constants.
According to /9/ the relationship
lm v (s, $; 7,8 = Yp0(s5: 7,8 +v(50; 1, §)
Y0
(theorem about the potential jump of a double layer) is valid. Hence, satisfying condi-
tion 3° ,we obtain for the determination of @ (s; T, g) the integral Volterra equation
of the second kind s o

-——m(s f,E)—{—SdG { P(Z(:,0:0,0)00;w B =250

—o0
We seek its solution in the form of series

oc

0(;7,8) = D) on(s;T,8) (26)

m=]

k3 13
wy = VA (S, 0, T, E); Wiy == Sde S P (Z (S; 0, 81 C)) Op, (es LT E) d@,

m=1,2,...
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Let us prove the convergence of series (26) for § > 1. In virtue of (21) and (25)

we have

|01 (s; %, 8) | < My (s — 1) exp [_ ,s_;_»_l_e,:_ ]

s oo
Joo (s; 7, B) | < M¢? S (s— 6)™""*d8 S (s — 0) (0 — O™ x

ool -z + 3=
o[- 2]

§—T

g (55 7, B | << VT Vs S(s — o (0 — )" de x

(/s +4)
+oo
§ o=@ —oresp[—u (5 + 5 5) o =

RO EEIA 2 16 _u,
Mes“———-———fs(l,:),,ﬁ 77— OXP [—-————S”_E',} P — )V dn =

s DO H1p) (s =) p[— a2 ]
$ as TR+ RICA+HD s —7T

where T (@) is the gamma function,
By induction with respect to m it is possible to show that for m > 3

O L i

. m (22 ™1 (A A2) (s — 1) o7
|on (55 % I <Me™ (1) T oo e X @0
st
exp[-—-— “-‘—""—‘s_r J
(m—1) (20 1) —1
2

Since for m (A + 1/y) > 2 wehave I'[m (A + Y3)l > [m (A 4 Yy)1! , hence
(27) implies the absolute and uniform convergence of series (26) for 8 > 1, as well as

the estimate 1y, Pag*
057, B < My (s — ™" oxp[ — 5] @8)

l‘l‘:

Taking into account (25), from (23) and (28) we obtain

o6 93 w8 | < My (s — )" exp [ — us(\b—-i)=]

§—7T

hence v (s, {§; 7, &) satisfies condition 2°, Since by condition (3) of the theorem
L2 (Z (s,9; 7, E)) = O (see /8/), the fulfilment of condition 1° is evident. Thus
e existence of a unique Green's function G (s, ¢; 7, &) is established.

Let us consider function @¢ () = w (C — 0, ) for — oo & P < 0, where
w (C — 0, ) is determined by (22). A proof similar to that of (19) shows that

s 0 0
wisy)=—Sdv § Cevina@hd+ § 6 (¢80 (90 ® +vc ®IE
C —0o0 —00
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is the solution of Eq. (16) in the half-band (, which satisfies boundary conditions
w(C,P) = @¢ (P) for — oc < P < 0 and w (s, 0) = 0. Allowing for the dis-
continuity of the solution of problem (16), (17) for s = 4 - 0 and P < 0, for the
determination of ¢ (W) e obtain

o) = \ K04, C)p@QdL+7 (W 4,C) +Ya (¥) (29)

where —

0
K GAO=ZC00 ) G w0 8d (30)
C

rap; A, €)= — gd«:S A,0;C, g)( K Z(Cpi v, D) g (T, g)dg)dg_. (31)
A 0 0
(ar § ¢, v BB+ § 6o x
C -0 —o0

+o0
(g Z(C, ¥;0, Q)h(@)dC\)d§+ 3 K. 54,0 re () dL

(the change of the order of integration in (29) and in the first and second terms of (31)

is justified by the second of estimates (21). It follows from (21) and (30) that the norm
of kernel K (y, {; A, C) is bounded in L, (0, |J 0y),hence (29) is a Fredholm equa-
tion of the second kind. The resolvent of its kernel is a meromorphic function whose
poles are roots of the polynomial /6/

o oo
D (v):: Z (_n}) cnvn’ Cy == 1? Cp == S Bn—l ("p: “}) d‘Po n>0
=] Y

o
Bu(: 5 A4,C) = cak (01 5 A4,C) — 1 § K (9,0, 4,C) Boy (0,4; 4,€) dd
0

It is clear that the coefficients (and also the roots) of the polynomial D (v) depend
on A and C as parameters, Hence the number v = { can be a characteristic one not
more than in a denumerable set of finite values of 4 and (, and, consequently, solu-
tions of Eq. (29) and of problem (16), (17) are unique for almost any 4 and (.

Remarks. 1°. Since coefficients in (12), which depend on the first approximation
solution 4, (s, ) and its derivatives, are bounded continuous functions, hence they satisfy
conditions (1) and (3) of the above theorems. Functions g (s, 1, 1,,) in (12), and o, (),
and «; (y) in (13) satisfy conditions (4) and (5), respectively, as well as estimate (18)
with A2 = 1. In virtue of (14) the inequality in condition (2) is not satisfied for Eq.(12).
However, if the remark related to the derivation of system (11} is taken into account, it

is possible to substitute Uls, 00 = 0EP)>0 (p>2), C<s< A (32)

for {14), and consider that condition (2) of the theorem is satisfied also for (12).

2°. According to /10/ it is possible to reduce the analysis of uniqueness of the
boundary problem solution of a quasi~linear equation to the analogous analysis of the
solution of some linear equation with zero boundary conditions. Therefore the unique-
ness of solution follows from the above theorem, if the existence of a first approximation
solution of the problem defined by (12), (13), (15) and (32) is assumed.
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3°, The theorem proved above with allowance for (32) implies the existence and

uniqueness of second approximation solution of problem (12)— (15).

10.
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ON THE EQUATIONS OF MOTION OF A LIQUID WITH BUBBLES
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An arbitrary irrotational flow of perfect incompressible liquid containing a con-
siderable number of spherical gas bubbles is considered. Two methods of avera-
ging exact characteristics of the motion of bubbles in the liquid, viz. by volume
and by bubble centers, are inttoduced. Formulas relating the average quantities
of two different kinds are derived. The boundary value problem for the mean
potential is formulated on the basis of the exact boundary value problem for the
velocity potential. The obtained equation for the potential in the particular case
of unbounded liquid with low concentration of bubbles coincides with that derived
in /1/.

It is shown that dynamic equations for the average characteristics of moving
bubbles accurate to within the product of volume concentration by the velocity



